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$1. INTRODUCTlON 
WE SAY that a topological group G is hontotopy-abelian if the commutator map of G x G 
into G is nul-homotopic. In this note we combine a result of Browder [5] with the techniques 
of [6] and prove 
THEOREM (1.1). Let G be CI countable connected C W-complex with Jinitely-generated 
total singular homology$.. Jf G is a homotopv-abelian topological group then G has the homo- 
topy type of torus. Jn particular. i/’ G is simply-connected, as well as honrotop.v-nhelian. then 
G is contractible. 
By a torus, here, we mean a direct product of copies of the circle group S’. If G is a 
homotopy-abelian Lie group it is shown in [I] that the torus can be embedded as a subgroup 
of G, but in general this is impossible. For example, take a countable connected simplicial 
complex K and apply the construction described by Milnor in $3 of [7] to obtain a topo- 
logical group G whose homotopy type is that of the space of loops on K. Milnor’s groups 
are countable CW-complexes, and have the property that every abelian subgroup is cyclic, 
so that only the trivial torus can appear as a subgroup. In particular, take K to be the 
Eilenberg-MacLane space K(Z, 2) i.e. infinite-dimensional complex projective space. Then 
G is homotopy-abelian. since K is an H-space, and has the homotopy type of S’. although 
S’ cannot be embedded as a subgroup. 
Our theorem raises the question of whether it is possible to develop a theory of maximal 
homotopy-abelian subgroups in a topological group, by analogy with the Lie theory. H’e 
have not investigated this. 
The result of Browder referred to above is that, under the hypotheses of (l.l), the 
homology of G is without torsion. It may be noted that (1.1) would be false if we were to 
drop the hypothesis of finitely-generated homology, even if torsion were absent. An example 
to show this is the stable unitary group of Bott [3], which does not have the homotopy 
groups of a torus. 
t This research was partly supported by the U.S. Air Force Office of Scientific Research. 
$ Thus thz individual groups are finitely generated and not more than a finite number of them are non-zero. 
We use the singular theory throughout. 
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$2. THE CLASSIFYING SPACE 
Let G be a topological group with the structure of a countable connected CW-complex. 
Take cohomology with mod p coefficients, where p is an odd prime. We suppose that H*(G) 
is a Grassman algebra, as is the case when p-torsion is absent. Let U denote the linear 
subspace of universally transgressive lements. 
Let S denote the suspension and B the classifying space of G. There is a standard mapt 
of S into B; let p denote the induced homomorphism and cr the suspension isomorphism, 
as shown below. 
Hq(B): Hq(S): Hq-‘(G). 
By (13.1) of [2], H*(B) is a polynomial algebra. Let V denote the linear subspace spanned 
by the generators. These correspond under transgression to generators of H*(G) and so in 
H*(S) we have aU = pV = W, say, by (1.2) of [6]. Note that W = pH*(B), since products 
are trivial in the cohomology of a suspension. We have H*(G) = U 0 D, where D denotes 
the linear subspace spanned by decomposable lements. Hence H*(S) = W @ E, where 
E = aD. Consider the Steenrod reduced power operation 8’, which we denote by y. 
In H*(S) we have 
yW = ypH*(B) = pyH*(B) c pH*(B) = W; 
also, since 7 is a derivation, 
yE = yaD = oyD c aD = E. 
Thus W and E are invariant under y. Using terminology defined in $1 of [6] we describe 
this in 
LEMMA (2.1). The subspace W is a y-summand of H*(S). 
Now let P,(r = 1, 2, . . . ) denote the ideal in H*(B) generated by monomirils of degree 
r. Thus P, = H:(B), in the usual notation, and P, is the kernel of p. Suppose that there 
exists a homomorphism of graded rings . 
0 : H*(B) + H*(S) @ H*(S) 
such that. ifs E V, then 
px@t+l@px-BxEH*+(S)@H*,(S). 
Since products are trivial in H:(S) we obtaint 
~(xY)=Px@PY+PYOP (2.2) 
for I, y E V, and hence it follows that P, is the kernel of 8. Make the further hypothesis 
that By = ‘~8, where the derivation y is made to operate on the tensor product in the standard 
way. 
7 A more complete account is given in [6]. We Lake this opportunity to correct a mistake in that paper. 
On page 12 the assertion that, "We may choose the basis for H*(B’) so that g* V 3 v’,” is incorrect. This 
must be taken as an additional hypothesis, which is fulfilled in particular in the examples given in 12 of the 
paper. 
$ Since p is odd, V contains no elements of odd dimension. 
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Consider the decomposition P2 = Q @ P,, where Q denotes the subspace of quad- 
ratics. Since p maps V monomorphically into W it follows from (2.2) that 8 maps Q 
monomorphically into W @ W. Under the conditions stated above we prove 
LEMMA (2.3). If yV = P2 then YV c P,. 
Since W is a y-summand of H*(S), by (2.1), it follows that X = W 0 W is a y-summand 
of H*(S) 0 H*(S). Let Y be a complementary -summand. We have 
yW=ypV=pyVcpP,=O, 
and so yX = 0, since y is a derivation. In particular, yf?V c y Y t Y. By hypothesis, 
however, y0V = 8yV c OP, = OQ c X. Thus 0 = $V = 0yV, and SO yV c PJ, as 
asserted. 
$3. PROOF OF THE MAIN THEOREM 
Consider first the special case where G is assumed, in addition to the hypothesis o 
(1. I), to be simply-connected. We assert that G is contractible. 
The homology of G is without torsion, as shown by Browder [5]. Hence the integral 
cohomology of G is a Grassman algebra, by the theorems of Borel-Hopf-Leray. Suppose, 
to obtain a contradiction, that the algebra is non-trivial. Define n so that 2n - 1 is the 
maximum dimension in which the algebra has a generator. Then n > 2, since G is simply- 
connected. We apply the theory of $2 with p chosen so that n < p < 2n, as is always 
possible (Bertrand’s postulate). In cohomology modp choose a set of generators for the 
polynomial algebra H*(B). These constitute a basis for V, none has dimension greater than 
2n, and one, say y, has dimension 2n. We have yV c P,, since the degree of y is greater 
than or equal to 2n. Let J denote the ideal in H*(B) generated by all the basis elements 
except y. If yV t J then yH*(B) t J, since y is a derivation. But by the Adem relations, 
+YS “-ly = 8” y = yp $ J, and so we conclude that y V tic J. Thus there exists an element 
x E V such that yx = ys + z, say, where z E J. It follows from considerations of dimension- 
ality that s = 2 and z E P,. 
Since G is homotopy-abelian there exists, by (1.1) of [6], an axial map of S x S into B. 
Take 0 in the previous section to be the corresponding induced homomorphism. All the 
conditions for (2.3) are satisfied, including yV c P,, and yet yx $ P,. Thus we have obtained 
a contradiction and the cohomology of G cannot be non-trivial. Since the homology of G 
is finitely-generated, by hypothesis, it follows from the universal coefficient theorem that 
the homology is also trivial. Hence and since G is simply-connected, we obtain that G is 
contractible, as asserted, by Theorem 3 of [8]. 
Now remove the assumption that G is simply-connected, while keeping the hypotheses 
of (1.1). We assert that G’, the universal covering group of G, also satisfies the hypotheses 
of (1.1). First G’ is homotopy-abelian, for a nul-homotopy of the commutator map 
G x G -_) G can be lifted to a nul-homotopy of the commutator map G’ x G’ + G’. Next 
G’ can be made into a countable CW-complex, as described under (N) on p. 231 of [SJ. 
Finally, it follows from what is proved in [4] that the homology of G’ is finitely-generated. 
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Therefore G’ is contractible, by the result of the previous paragraph. It follows immedi- 
ately that G is an Eilenberg-MacLane space K(n, l), where z = q(G). We have rr = Hr(G), 
which is finitely-generated as well as abelian. If x contained an element of finite order the 
homology of n, and hence of G, would not be finitely-generated. Therefore x is free, and 
therefore G has the homotopy type of a torus. This proves (1.1). 
REFERENCES 
1. S. ARAKI, I. M. JAMES and EMERY THOMAS: Homotopy-abelian Lie Groups, Bull. Amer. .Vfurh. Sot. 66 
(1960), 324-326. 
2. A. BOREL: Sur la cohomologie des espaces fib&. . . , Ann. Math., Princeton 57 (1953), 115-207. 
3. R. Barr: The stable homotopy of the classical groups, Proc. Nut. Acad. Sci., Wash. 43 (1957), 9’33-935. 
4. W. BROWDER: The cohomology of covering spaces of H-spaces, Bull. Amer. Math. Sot. 65 (1959), 
140-141. 
5. W. BROWDER: Homotopy-commutative H-spaces, to be published. 
6. I. M. JAMES and EMERY THOMAS: On homotopycommutativity, Ann. Math., Princeton: to be published. 
7. J. MILNOR: Construction of universal bundles-I, Ann. Mufh., Princefon 63 (1956), 272-284. 
8. J. H. C. WHITEHEAD: Combinatorial homotopy, Bull. Amer. Math. Sot. 55 (1949), 213-245. 
The Mathematical Institute, Oxford Unirersity; 
The Unillersity of California at Berkelqv. 
